The Dixmier trace and the noncommutative residue for multipliers on
  compact manifolds by Cardona, Duván & Del Corral, César
ar
X
iv
:1
70
3.
07
45
3v
3 
 [m
ath
.D
G]
  3
 A
ug
 20
18
THE DIXMIER TRACE AND THE NONCOMMUTATIVE
RESIDUE FOR MULTIPLIERS ON COMPACT MANIFOLDS
DUVA´N CARDONA AND CE´SAR DEL CORRAL
Abstract. In this paper we give formulae for the Dixmier trace and the
noncommutative residue (also called Wodzicki’s residue) of pseudo-differential
operators by using the notion of global symbol. We consider both cases, com-
pact manifolds with or without boundary. Our analysis on the Dixmier trace
of invariant pseudo-differential operators on closed manifolds will be based on
the Fourier analysis associated to every elliptic and positive operator and the
quantization process developed by Delgado and Ruzhansky. In particular, for
compact Lie groups this can be done by using the representation theory of the
group in view of the Peter-Weyl theorem and the Ruzhansky-Turunen sym-
bolic calculus. The analysis of invariant pseudo-differential operators on com-
pact manifolds with boundary will be based on the global calculus of pseudo-
differential operators developed by Ruzhansky and Tokmagambetov.
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2 D. CARDONA AND C. DEL CORRAL
1. Introduction
The Dixmier trace arises in functional analysis, from the problem if there ex-
ists a non-trivial trace – which does not coincide with the spectral trace – for an
ideal containing the set of trace class operators on a Hilbert space H . In 1966, J.
Dixmier in [17] shows that there exists a trace which vanishes in the ideal of trace
class operators, but it is non-trivial in the so called Dixmier ideal L1,∞(H). As
it was pointed out in [48] and references therein, the Dixmier trace is important
due to its applications in fractal theory, foliation theory, spaces of non-commuting
coordinates, perturbation theory, non-commutative geometry and quantum field
theory.
In this paper we study the Dixmier trace of invariant pseudo-differential oper-
ators on compact manifolds (multipliers) with or without boundary. By applying
the Connes trace theorem (see [5]) we derive a formula for the noncommutative
residue of Fourier multipliers on compact Lie groups, and manifolds with bound-
ary. This is possible based in the recent quantizations of pseudo-differential oper-
ators associated to global symbols introduced by M. Ruzhansky and V. Turunen
[40] (for compact Lie groups), J. Delgado and M. Ruzhansky [12] (for compact
manifolds without boundary), and finally, by M. Ruzhansky and N. Tokmagam-
betov [16] (for compact manifolds with boundary). One of the advantages of our
approach is that we obtain results on the Dixmier trace and the noncommutative
residue for Fourier multipliers in terms of global (full) symbols, where we give a
new viewpoint, instead of the classical results where the problem was treated by
using local symbols (see e.g. [5, 17, 19, 21, 26, 45, 50] and references therein).
We summarize our research in the following results:
• We provide necessary and sufficient conditions in order to guarantee that
global invariant pseudo-differential operators on a manifold M with or
without boundary lie in the Dixmier class L(1,∞)(H), H = L2(M), (see
equation (1.2)).
• We provide sufficient and necessary conditions in order to obtain Dixmier
traceability for a type of pseudo-differential operators with global symbols
in Ho¨rmander classes on compact Lie groups and we express our results
by using the representation theory of these groups. Also, we use Connes’
trace theorem in order to show formulae for the noncommutative residue
of classical pseudo-differential operators on compact Lie groups.
• On a compact Lie group, we provide formulae in terms of global symbols
for the noncommutative residue of a type of classical pseudo-differential
operators (non necessarily Fourier multipliers) in terms of the representa-
tion theory of the group (see Proposition 3.9).
• For a compact manifold M with or without boundary, we find criteria
for global symbols in order that the corresponding operators belong to
the Marcinkiewicz ideal L(p,∞)(H), 1 < p < ∞, where H = L2(M), (see
equation (1.3)).
In order to present our main results we precise some definitions. By following
Connes [5], if H is a Hilbert space, the class L(1,∞)(H) consists of those bounded
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linear operators A ∈ L(H) satisfying∑
1≤n≤N
sn(A) = O(log(N)), N →∞, (1.1)
where {sn(A)} denotes the sequence of singular values of A, i.e. the square roots
of the eigenvalues of the non-negative self-adjoint operator A∗A. So, L(1,∞)(H) is
endowed with the norm
‖A‖L(1,∞)(H) = sup
N≥2
1
log(N)
∑
1≤n≤N
sn(A). (1.2)
The Dixmier trace Trω on positive operators in L(1,∞)(H) can be formulated by
using an average function ω of the following form
lim
ω
1
log(N)
∑
1≤n≤N
sn(A) := ω
( 1
log(N)
∑
1≤n≤N
sn(A)
)
,
where limω is a positive linear functional on l
∞(N), the set of bounded sequences,
satisfying:
• limω(αn) ≥ 0 if all αn ≥ 0;
• limω(αn) = lim(αn) whenever the ordinary limit exists;
• limω(α1, α1, α2, α2, α3, α3, . . . ) = limw(αn).
The functional Trω can be defined for positive operators, and later it can be ex-
tended to the whole ideal L(1,∞)(H) by linearity (in this case Trω is not necessarily
a positive functional). The functional Trω is trivial on the ideal L1(H) of trace
class operators, (see [5] or [17]). The subset of L(1,∞)(H) with Dixmier trace
independent of the average function ω defines the class of Dixmier measurable
operators.
In noncommutative geometry, a remarkable result due to A. Connes shows that
classical pseudo-differential operators acting on L2(M) with order − dim(M),
belong to the Dixmier class, and the Dixmier trace coincides with the noncom-
mutative residue (see [50]), which is the unique trace (up to by factors) in the
algebra of pseudo-differential operators with classical symbols on a closed man-
ifold, (see [5, pag. 305] for this fact). R. Nest, E. Schrohe in [30], show that
in general Connes’ result does not hold for the Boutet de Monvel algebra on a
manifold with boundary (cf. (2.22) and (2.23)).
More generally, the ideal L(p,∞)(H) consists of those linear bounded operators
A on H satisfying the condition:∑
1≤n≤N
sn(A) = O(N
(1−1/p)), N →∞, (1.3)
for 1 < p <∞. On L(p,∞)(H) the usual norm is given by
‖A‖L(p,∞)(H) := sup
N≥1
N (
1
p
)−1
∑
1≤n≤N
sn(A). (1.4)
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In order to present our results we introduce briefly the theory of pseudo-differential
operators that we use here [11, 27, 40]. The notion of global symbol on Rn is
natural because a pseudo-differential operator A is an integral operator defined
by
Af(x) =
∫
Rn
eixξσA(x, ξ)fˆ(ξ) dξ, (1.5)
for a suitable smooth function σA(x, ξ) – called the symbol of A – and satisfy-
ing some bounded conditions on its derivatives (see [27]). Here fˆ denotes the
euclidean Fourier transform of the function f . If we consider a closed manifold
M (i.e a compact manifold without boundary) and H = L2(M), there exists a
(global) Fourier analysis associated to every positive elliptic pseudo-differential
operator E on M which gives for certain pseudo-differential operators A –called
E-invariants– a discrete Fourier representation of the form
Af(x) =
∞∑
l=0
〈σA,E(l)f̂(l), el(x)〉Cdl , (1.6)
where el(x) := (e
m
l )1≤m≤dl and {eml : l ∈ N, 1 ≤ m ≤ dl} provides a basis
of L2(M) consisting of eigenfunctions eml , associated to certain eigenvalues λl,
l ∈ N0, of the operator E. The function σA,E is called the matrix valued symbol
of A with respect to E. The process associating to every operator A acting in
C∞(M) a such matrix valued symbol σA,E was introduced by J. Delgado and M.
Ruzhansky, [15]. Also, If M = G is a compact Lie group and E = −LG is minus
the Laplace-Beltrami operator on G, Ruzhansky and Turunen [40] give a discrete
representation to every pseudo-differential operator A on C∞(G) in terms of the
representation theory of the group G, in the following way
Af(x) =
∑
[ξ]∈Ĝ
dξTr[ξ(x)σA(x, ξ)f̂(ξ)], (1.7)
here Ĝ denotes the unitary dual of the group G. Ruzhansky-Turunen’s calculus
gives a characterization of the Ho¨rmander classes Ψmρ,δ(G) on a compact Lie group
G by using the notion of global symbols. In fact, A ∈ Ψmρ,δ(G) if and only if its
global symbol σA(x, ξ) as in (1.7) satisfies
‖∆αξ ∂βxσA(x, ξ)‖op ≤ Cα,β〈ξ〉m−ρ|α|+δ|β|, x ∈ G, [ξ] ∈ Ĝ, (1.8)
where 〈ξ〉 := (1 + λ[ξ]) 12 and {λ[ξ] : [ξ] ∈ Ĝ} is the spectrum of −LG. In Remark
2.1 we will recall the relationship between the symbols σA,−L(G) and σA associated
to the quantizations (1.6) and (1.7), respectively.
Now, we recall that for a compact manifold M (without boundary) of dimen-
sion κ, a classical pseudo-differential operator A onM of order m, can be defined
by local symbols. This means that for any local chart U , the operator A has the
form
Au(x) =
∫
T ∗xU
eixξσA(x, ξ)û(ξ) dξ
THE DIXMIER TRACE, AND THE RESIDUE ON COMPACT MANIFOLDS 5
where σA(x, ξ) is a smooth function on T ∗U ∼= U ×Rn, T ∗xU = Rn, admitting an
asymptotic expansion
σA(x, ξ) ∼
∞∑
j=0
σAm−j (x, ξ) (1.9)
where σm−j(x, ξ) are homogeneous functions in ξ 6= 0, of degree m − j for ξ far
from zero. The set of classical pseudo-differential operators of order m is denoted
by Ψmcl (M). If A ∈ Ψcl(M), for all x ∈ M ,
∫
|ξ|=1
σ−κ(x, ξ) dξ dx defines a local
density which can be glued over M . So, the non-commutative residue, is the
functional defined on classical operators by
res (A) =
1
κ(2π)κ
∫
M
∫
|ξ|=1
σA−κ(x, ξ) dξ dx. (1.10)
An important feature of the non-commutative residue is that it vanishes on non-
integer order classical operators. A complementary trace to the noncommuta-
tive residue is the canonical trace, A 7→ TR(A), on the set of classical pseudo-
differential. The term complementary is justified because the noncommutative
residue is defined on the whole algebra of pseudo-differential operators, but does
not extend the usual L2-trace. However the canonical trace is not well defined
on the whole algebra of classical pseudo-differential operators, but it extends the
usual L2-trace on a suitable set, see, e.g. [33, 34, 25, 7].
Now we present our main results. Our formulae for Dixmier traces will be
presented for positive operators in L(1,∞)(L2(M)) because such formulae can be
extended to the whole ideal L(1,∞)(L2(M)) by linearity. We start with the case
of manifolds without boundary. Here, κ denotes the dimension of a compact
manifold without boundary M.
Theorem 1.1. Let M be a κ-dimensional compact manifold without boundary
and let E ∈ Ψν+e(M) be a positive elliptic pseudo-differential operator on M.
If A : L2(M) → L2(M) is a E-invariant bounded operator with matrix-valued
symbol (σA,E(l))l, then we have,
• A is Dixmier traceable, i.e. A ∈ L(1,∞)(L2(M)) if and only if
τ(A) :=
1
dim(M)
lim
N→∞
1
logN
∑
l:(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) <∞, (1.11)
where σA,E are as in (1.6). Moreover, if A is positive, τ(A) = Trw(A).
• The E-invariant operator A ∈ L(p,∞)(L2(M)) if and only if
γp(A) := sup
N≥1
NdimM(
1
p
−1) ·
∑
l:(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) <∞, (1.12)
for all 1 < p <∞. In this case, the norms ‖A‖L(p,∞)(L2(M)) and γp(A) are
equivalents, which we denote by ‖A‖L(p,∞)(L2(M)) ≍ γp(A).
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• Let M = G be a compact Lie group and let Ĝ be the unitary dual of G.
If we denote by σA(x, ξ) the matrix valued symbol associated to A, then
under the condition
‖∆αξ ∂βxσA(x, ξ)‖op ≤ C〈ξ〉−κ−|α|, x ∈ G, [ξ] ∈ Ĝ, ∀α ∈ Rn, (1.13)
the operator A is Dixmier measurable. Moreover, if A is left-invariant,
then A is Dixmier traceable if and only if
τ(A) :=
1
dim(G)
lim
N→∞
1
logN
∑
[ξ]:〈ξ〉≤N
dξTr(|σA(ξ)|) <∞. (1.14)
In this case, if A is positive, τ(A) = Trw(A).
• If A ∈ Ψ−κcl (G) is a classical, positive and left-invariant pseudo-differential
operator, the noncommutative residue of A (cf. (1.10)), is given in terms
of representations on G by
res(A) =
1
dim(G)
lim
N→∞
1
logN
∑
[ξ]:〈ξ〉≤N
dξTr(|σA(ξ)|). (1.15)
Moreover, if A is as above, but not necessarily a multiplier, and its symbol
admits an asymptotic expansion in homogeneous components of the form:
σA(x, ξ) ∼
∞∑
j=0
am−j(x)σ
Am−j (ξ), (1.16)
then
res(A) =
1
dim(G)
∫
G
a−κ(x)dx× lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
dξTr(|σA−κ(ξ)|). (1.17)
It is important to mention that our formula (1.11) for the Dixmier trace of a
global operator A on a closed manifold M has two components: one is, the in-
verse of the dimension of M, which has a geometric nature. The other one has an
analytic nature, which is defined by the global symbol σA,E(·) of A, determined
by the Fourier analysis associated to E.
We observe that the approach in the preceding result can be used in order to
analyze the Dixmier traceability of Fourier multipliers on compact homogeneous
manifolds; this analysis in terms of the Fourier analysis and the representation
theory of such manifolds has been considered in Theorem 4.1. The equation (1.17)
provides a formula of the noncommutative residue for a class of global pseudo-
differential operators on compact Lie groups. In particular, our approach, provide
formulae for the noncommutative residue of operators on the torus, in a different
way to the work of Pietsch [35].
Now we present our result concerning to global operators on a manifold with
boundary. In the formulation of our result we use the global quantization of
pseudo-differential operators on compact manifolds with boundary due to J. Del-
gado, M. Ruzhansky and N. Tokmagambetov [39] which we briefly describe as
follows. If M denotes a compact manifold M with boundary ∂M and L is a
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pseudo-differential operator on M satisfying some boundary conditions on ∂M
and with a merely discrete spectrum {λξ | ξ ∈ I} (see Section 2.3), then every
continuous linear operator A acting on a suitable domain C∞L (M), has associated
a function σA,L : M × I → C –called the L-global symbol of A– satisfying
σA,L(x, ξ) = uξ(x)
−1A(uξ)(x), ξ ∈ I, x ∈M, (1.18)
where uξ is the eigenvalue corresponding to λξ. In this case, the operator A can
be written in terms of the global symbol σA,L(x, ξ) as
Af(x) =
∑
ξ∈I
uξ(x)σA,L(x, ξ)f̂(ξ), for f ∈ C∞L (M), (1.19)
where f̂ := FL(f) denotes the L-Fourier transform of f introduced in [39], (see
also (2.28)).
An L-Fourier multiplier is a bounded linear operator A : C∞L (M) → C∞L (M) if
it satisfies
FL(Af)(ξ) = σA,L(ξ)FL(f)(ξ), for f ∈ C∞L (M),
for some function σA,L : I → C which depends only on the Fourier variable ξ ∈ I,
in this case σA,L(ξ) corresponds with the L-symbol of A.
With the above notation our result on the Dixmier traceability of operators
on manifolds with boundary can be enunciated of the following way. We write
I = {ξl : l ∈ N0}.
Theorem 1.2. Let M be a compact manifold with boundary ∂M. If A : L2(M)→
L2(M) is a bounded Fourier multiplier and L is a self-adjoint operator on L2(M)
as in Section 2.3, then we have the following assertions,
• A is Dixmier traceable if and only if
τ ′(A) := lim
N→∞
1
logN
∑
l≤N
|σA,L(ξl)| <∞. (1.20)
In this case, if A is positive, τ ′(A) = Trω(A).
• Moreover, if L is an operator of order m satisfying the Weyl Counting
Eigenvalue Formula, that is,
NL(λ) := #{l : |λξl|
1
m ≤ λ} = C0λdimM +O(λdimM−1), λ→∞, (1.21)
then A is Dixmier traceable if only if (cf. (1.20))
τ ′(A) =
1
dimM
lim
N→∞
1
logN
∑
l:|λξl |
1
m≤N
|σA,L(ξl)| <∞. (1.22)
In this case, if A is positive, τ ′(A) = Trω(A).
• A ∈ L(p,∞)(L2(M)) if and only if
γ′p(A) := sup
N≥1
N (
1
p
−1)
∑
l≤N
|σA,L(ξl)| <∞, (1.23)
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for all 1 < p < ∞. In this case, ‖A‖L(p,∞)(L2(M)) ≍ γ′p(A). Moreover, if L
satisfies (1.21), we have
γ′p(A) ≍ sup
N≥1
NdimM(
1
p
−1)
∑
l : |λξl |
1
m≤N
|σA,L(ξl)|. (1.24)
Moreover, if we assume the existence of a such L as before, and A =
[
P+
T
]
is an
elliptic operator and positive in the Boutet de Monvel algebra of order n, then the
operator PT (realization P with respect to T ) can be regarded as an operator in
Ruzhansky- Tokmagambetov’s calculus (see Remark (5.4)), and any parametrix
R of PT is Dixmier’s traceable with
Trω(R) = res (R) = lim
N→∞
1
lnN
∑
l≤N
|(σP,L(ξl))−1|, (1.25)
here (σP,L(ξl))l∈N0 denotes the global symbol of the operator P with respect to LM .
The expression is the same for all parametrices and independent of the choice of
the boundary condition and independent on the average function ω.
As it was pointed out in [29, 47], the condition (1.21) holds true for several
classes of elliptic operators on manifolds with boundary and without boundary,
which are not necessarily compact manifold. For our purposes, (1.21) is not
restrictive because such condition implies that for some s0 ∈ R,
τ(s0, L) :=
∑
ξ∈I
〈ξ〉−s0 <∞, (1.26)
which is an important condition in the Ruzhansky-Tokmagambetov quantization
(See Section 2.3) for manifolds with boundary. For an exhaustive historical per-
spective on this subject we refer to [29]. Now, we present some references on
the Dixmier traceability of pseudo-differential operators and related topics. The
problem of classifying global pseudo-differential operators on certain ideals of
bounded operators –as Schatten von Neumann clasess and Gro¨thendieck nuclear
operators– in terms of global symbols has been considered of a very satisfactory
way in the references [11, 12, 13, 14] and [15]. Nevertheless, the problem of finding
sufficient conditions on the symbol σ of an pseudo-differential operator in order
that the corresponding operator A will be trace class, Hilbert Schmidt or Dixmier
traceable is classical. If H = L2(Rn) and we consider the pseudo-differential op-
erator A defined by the Weyl quantization,
Af(x) =
∫
Rn
∫
Rn
eixξσA(
1
2
(x+ y), ξ)f(y)dydξ (1.27)
is well known that σA(·) ∈ L1(R2n), implies that A is class trace, and σ ∈ L2(R2n)
gives A Hilbert-Schmidt. In the framework of the Weyl-Ho¨rmander calculus of
operators A associated to symbols σ in the S(m, g)-classes (see [27]), there ex-
ists two remarkable results. The first, due to Ho¨rmander, which asserts that if
σ ∈ S(m, g) and σ ∈ L1(R2n) then A is a trace class operator. The second,
due to L. Rodino and F. Nicola expresses that if σ ∈ S(m, g) and m ∈ L1w, (the
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weak-L1 space), then A is Dixmier traceable [31]. Moreover, an open conjecture
by Rodino and Nicola (see [31]) says that σ ∈ L1w(R2n) gives an operator A with
finite Dixmier trace. More general regularized traces for pseudo-differential op-
erators (see S. Scoot [44] or S. Paycha [33] for complete a description) have been
studied in different contexts, in first instance, G. Grubb, [23, 24] has obtained
results about the zeta regularized trace by using a resolvent approach; S. Pay-
cha [34] has obtained important results about traces on meromorphic families
of pseudo-differential operator; B. Fedosov, F. Golse, E. Leichtnam, E. Schrohe,
[19] have defined the noncommutative residue and its properties on the algebra of
pseudo-differential boundary value problems called Boutet de Monvel’s algebra,
in the case of manifolds with boundary; G. Grubb and E. Schrohe in [25] have
studied defect formulas for regularized traces on the Boutet de Monvel algebra,
whose operators are choose to satisfy the so-called Ho¨rmander transmission prop-
erty. Recently, one of the author has studied in [6] the traciality property and
uniqueness of the canonical trace for a class of operators not necessarily satisfying
the transmission property.
Finally we explain the structure of our paper.
• In Section 2, we present some preliminaries on the quantization of global
pseudo-differential operators on compact Lie groups and general compact
manifolds with or without boundary and we briefly describe the Boutet de
Monvel calculus. Also, we present some notions and known results about
the Dixmier trace as well as the noncommutative residue.
• In section 3 we prove our main results for operators acting on functions
defined on compact manifolds without boundary. The case of compact
manifolds with boundary will be addressed in Section 5.
• In Section 4 we study the Dixmier traceability of multipliers and we in-
vestigate the noncommutative residue in this setting.
• We end our paper with some examples in Section 6.
2. Preliminaries
In this section we present some basics facts about the Fourier analysis used
trough this paper. Also, we recall some definition about the noncommutative
residue (sometimes called Wodzicki’s residue) and the Dixmier trace for pseudo-
differential operators on compact manifolds with or without boundary. Trough
of this article, L(1,∞)(H) denotes the Dixmier ideal of the set L(H) of bounded
operators on an Hilbert space H, Specp(A) denotes the pointwise spectrum of a
(not necessarily bounded) linear operator A on H, and Trω(·) is the Dixmier trace
function on the ideal L(1,∞)(H).
2.1. Pseudo-differential operators on compact manifolds without bound-
ary. We recall that for every m ∈ R and every open set U ⊂ Rn, the Ho¨rmander
class Sm(U × Rn), (for a detailed description see [27]), is defined by functions
satisfying the usual estimates
|∂αx∂βξ σ(x, ξ)| ≤ Cα,β〈ξ〉m−|β|, (2.1)
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for all (x, ξ) ∈ T ∗U ∼= U×Rn and α, β ∈ Nn. Then, a pseudo-differential operator
associated to a function σ ∈ Sm(U × Rn) is a operator of the form
σ(x,D)f(x) =
∫
Rn
eixξσ(x, ξ)f̂(ξ)dξ, for f ∈ C∞0 (U), (2.2)
where C∞0 (U) denotes the set of smooth compact supported functions on U . The
set of such operators is denoted by Ψm(U ×Rn). On a smooth manifold M with-
out boundary of dimension n, for every m ∈ R, the Ho¨rmander class of order
m, Sm(M) is defined by smooth functions on the cotangent T ∗M which in local
coordinates coincides with symbols in some open sets U of Rn satisfying inequal-
ities as in (2.1). We observe that the notion of symbol on arbitrary manifolds is
of local nature. However, it is possible to define a notion of global symbol if we
restrict our attention to the case of compact Lie groups. A such notion was de-
veloped by M. Ruzhansky and V. Turunen in [40]. In this theory, every operator
A mapping C∞(G) itself, where G is a compact Lie group, can be described in
terms of representations of G as follows.
Let Ĝ be the unitary dual of G (i.e, the set of equivalence classes of continu-
ous irreducible unitary representations on G), the Ruzhansky-Turunen approach
establishs that A has associated a matrix-valued global (or full) symbol σA(x, ξ) ∈
Cdξ×dξ , [ξ] ∈ Ĝ, on the noncommutative phase space G× Ĝ satisfying
σA(x, ξ) = ξ(x)
∗(Aξ)(x). (2.3)
Then it can be shown that the operator A can be expressed in terms of such a
symbol as, [40],
Af(x) =
∑
[ξ]∈Ĝ
dξTr(ξ(x)σA(x, ξ)f̂(ξ)). (2.4)
An important feature in this setting is that the Ho¨rmander classes Ψm(G), m ∈ R
where characterized in [40, 41] by the condition: A ∈ Ψm(G) if only if its matrix-
valued symbol σA(x, ξ) as before satisfies
‖∂αxDβσA(x, ξ)‖op ≤ Cα,β〈ξ〉m−|β|, (2.5)
for every α, β ∈ Nn. For a rather comprehensive treatment of this quantization
process we refer to [40].
The notion of global symbol on arbitrary compact manifolds is more delicate.
This problem has been considered by J. Delgado and M. Ruzhansky in [13, 14].
Now, we explain this notion. If M is a compact manifold without boundary with
a volume element dx, and E is a positive elliptic classical pseudo-differential op-
erator of order ν > 0, we say that A : C∞(M) → C∞(M) is E-invariant if A
and E commutes. In this case we can associate a full symbol to A in terms of
the spectrum of E as follows: the eigenvalues of E form a positive sequence λj,
which we label as
0 ≤ λ0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ · · · . (2.6)
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For every eigenvalue λj the corresponding eigenspace Hj = Ker(E − λjI). If
λ0 = 0 then d0 = dimH0 = dimKer(E). By the Spectral Theorem we can write
L2(M) =
∞⊕
j=0
Hj.
So, if we denote by {ejk}djk=1 a basis of Hj for j ∈ N, where dj = dimHj, and for
every f ∈ L2(M), we define the E-Fourier transform of f (relative to the operator
E and the basis {ejk}djk,j) at j ∈ N by
(FEf)(j) := f̂(j) :=


〈f, ej1〉L2(M)
〈f, ej2〉L2(M)
...
〈f, ejdj〉L2(M)


dj×1
. (2.7)
If ej denotes the column vector with entries ej1, ej2, · · · ejdj then, for every f ∈
L2(M), it follows from the Parseval Theorem that f has a Fourier series repre-
sentation of the type,
f(·) =
∞∑
l=0
〈f̂(l), el(·)〉dl. (2.8)
where 〈·, ·〉dl is the usual inner product on Cdl. If {σ(l)}l∈N0 is a sequence of
matrices such that for every j, σ(j) is a square matrix of order dj, the E-invariant
operator A associated to {σ(l)}l∈N0 is the operator on C∞(M) defined by
(Af)(·) =
∞∑
l=0
〈σ(l)f̂(l), el(·)〉dl. (2.9)
Since Âf(l) = σ(l)f̂(l) we refer to E-invariant operators A as E-Fourier multipli-
ers, or simply by Fourier multipliers, multipliers or E-multipliers. An important
feature in the Delgado-Ruzhansky’s approach is that there exist formulae between
the symbol σ(l) of a E-multiplier A from D ′(M) into D ′(M) (we use the notation
D ′(M) for the space of distributions in M) and its Schwartz kernel K(x, y) (see
[27]). In fact we have
σ(l) =
∫
M
∫
M
K(x, y)Ql(x, y)
∗dxdy (2.10)
and
K(x, y) =
∞∑
l=0
Tr(σ(l)Ql(x, y)) (2.11)
where Ql(x, y) = el(y)el(x)
t. We end this section with the following remark of
global symbols on compact Lie groups which will be useful in our analysis related
with the Dixmier trace for Fourier multipliers.
Remark 2.1. If A is left-invariant (with respect to the Laplacian) then we have
two notions of global symbols for A. One is defined in terms of the representation
theory of the group G and we will denote this symbol by (σA(ξ))[ξ]∈Ĝ, and the
other one is that defined when we consider the compact Lie group as a manifold,
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and in this case the symbol will be denoted by (σA(l))l∈N0. The relation of this two
symbols was discovered in [15, pag. 25]. Now, we describe this relation. In the
setting of compact Lie groups the unitary dual being discrete, we can enumerate
the unitary dual as [ξj], for j ∈ N0. In this way we fix the orthonormal basis
{ejk}djk=1 = {d
1
2
ξj
(ξj)il}
dξj
i,l=1 (2.12)
where dj = d
2
ξj
. Then, we have the subspaces Hj = span{(ξj)i,l : i, l = 1, · · · , dξj}.
With the notation above we have
σA(l) =


σA(ξl) 0dξl×dξl 0dξl×dξl . . . 0dξl×dξl
0dξl×dξl σA(ξl) 0dξl×dξl . . . 0dξl×dξl
...
...
...
. . .
...
0dξl×dξl 0dξl×dξl 0dξl×dξl . . . σA(ξl)


dl×dl
.
As a consequence of this discussion we obtain the following relation:
Tr(|σA(l)|) = dξlTr(|σA(ξl)|), (2.13)
where |A| := √A∗A denotes the absolute value of the matrix A.
2.2. Global Fourier multipliers on compact homogeneous manifolds. In
order to present our theorem for multipliers on compact homogeneous spaces, we
recall some definitions on the subject. Compact homogeneous manifolds can be
obtained if we consider the quotient of a compact Lie groups G with one of its
closed subgroups K –there exists an unique differential structure for the quotient
M := G/K–. Examples of compact homogeneous spaces are spheres Sn ∼= SO(n+
1)/SO(n), real projective spaces RPn ∼= SO(n + 1)/O(n), complex projective
spaces CPn ∼= SU(n + 1)/SU(1) × SU(n) and more generally Grassmannians
Gr(r, n) ∼= O(n)/O(n− r)×O(r).
Let us denote by Ĝ0 the subset of Ĝ, representations of G, that are class I
with respect to the subgroup K. This means that π ∈ Ĝ0 if there exists at least
one non trivial invariant vector a with respect to K, i.e., π(h)a = a for every
h ∈ K. Let us denote by Bπ to the vector space of these invariant vectors and
kπ = dimBπ. Now we follow the notion of Multipliers as in [1]. Let us consider
the class of symbols Σ(M), for M = G/K, consisting of those matrix-valued
functions
σ :
⋃
Ĝ→
∞⋃
n=1
C
n×n such that σ(π)ij = 0 for all i, j > kπ. (2.14)
Following [1], a Fourier multiplier A on M is a bounded operator on L2(M) such
that for some σA ∈ Σ(M) satisfies
Af(x) =
∑
π∈Ĝ0
dπTr(π(x)σA(π)f̂(π)), for f ∈ C∞(M), (2.15)
where f̂ denotes the Fourier transform of the lifting f˙ ∈ C∞(G) of f to G, given
by f˙(x) := f(xK), x ∈ G.
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Remark 2.2. For every symbols of a Fourier multipliers A on M, only the upper-
left block in σA(π) of the size kπ × kπ can be not the trivial matrix zero.
2.3. Global pseudo-differential operators on compact manifolds with
boundary. The natural analogue of the algebra of pseudo-differential operators
on a closed manifold is the Boutet de Monvel’s algebra (BdM’s algebra), which
will be described in this section (we will use a kernel integral description of such
algebra, but also we give a local symbolic description), where we follow the refer-
ences [3, 4, 49]. It was defined in [19], by B. Fedosov, F. Golsche, E. Leichtmann
and E. Schrohe a linear functional trace, which coincides with the noncommuta-
tive residue whether the boundary is empty, and it is showed that such functional
is the unique trace on BdM’s algebra. Moreover, R. Nest and E. Schrohe showed
in [30] that such functional does not coincide with the Dixmier trace (instead of
the closed case), however, they provide a particular set of operators in Boutet de
Monvel’s algebra where these two traces coincide.
Let M be a n-dimensional compact smooth manifold with boundary ∂M which
is embedded on a compact closed manifold Ω, (we use n to denote the dimension
of the manifolds underlying instead of κ, as in the case of a closed manifold).
Boutet de Monvel’s approach comprises operators acting on smooth functions
over M and over ∂M as follow. An matrix operator of the form
A =
[
P++G K
T S
]
: C∞(M¯)⊕ C∞(∂M)→ C∞(M¯)⊕ C∞(∂M), (2.16)
is said that is a Boutet de Monvel’s operator of order m ∈ Z and type r ∈ N if
• P+ := r+Pe+ is an operator, called a truncated operator, built from a
classical pseudo-differential operator P on Ω (here r+ corresponds to the
restriction map from functions on Ω to functions on M and the last one
e+ refers to the extension by zero from functions on M to functions Ω),
and the operator P satisfies the transmission property (see [4]), namely,
if σP (x, ξ) denotes the local symbol satisfying (1.9), (on local coordinates
(x, ξ) = (x′, xn, ξ
′, ξn) ∈ Rn−1×R×Rn−1×R on the boundary) of P , then
for all multi-indices α, β and any j = 0, 1, · · · , holds
∂αξ′∂
β
xnσ
P
j (x
′, 0, 0,+1) = (−1)j−|α|∂αξ′∂βxnσPj (x′, 0, 0,−1).
• K is called a Poisson Operator of order m, and it can be defined by the
integral operator
(Kv)(x) =
∫
Rn−1
eix
′ξ′ k˜(x′, xn, ξ
′)F [v](ξ′)dξ′,
with k˜ ∈ Sm−1(Rn−1,S(R+)), in the sense of (2.19). In this case, the
symbol associated with the operator K is defined by
k(x′, ξ′, ξn) := Fxn→ξn(k˜(x′, xn, ξ′)) (2.17)
(here Fx→y(f) means the Fourier transform of f which transform the
variable x to y) and it is assumed an expansion in homogeneous functions
km−1−j(x
′, ξ′, ξn) with respect to ξ (for |ξ| ≥ 1) of degree m− 1− j.
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• T is called a Trace Operator of order m, a type r ∈ N, and it has the
form T =
r−1∑
j=0
SJγj + T
′, where Sj is pseudo-differential operator on R
n−1
of order m− j, and T ′ can be defined by the integral operator
(T ′u)(x′) =
∫
Rn−1
t′(x′, xn, ξ
′)Fx′→ξ′[u](ξ′, xn)dxndξ′,
with t˜ ∈ Sm(Rn−1 × Rn−1,S(R+)), in the sense of (2.19), similarly the
symbol of T is defined by
t(x′, ξ′, ξn) := Fxn→ξn(t˜(x′, xn, ξ′)). (2.18)
• G is called a singular Green operator (s.G.o.) of order m and type r; it is
defined by an operator having the form G =
∑r−1
j=0Kjγj+G
′, where Kj are
Poisson operators; γju(x
′) := Djxnu(x
′, xn)|xn=0 (defines trace operators),
and G′ can be defined by the integral operator
(G′u)(x) :=
∫
Rn−1
eix
′ξ′
(∫ ∞
0
g˜(x′, xn, yn, ξ
′)Fx′→ξ′[u](ξ′, yn)
)
dξ′,
with g˜ ∈ Sm(Rn−1×Rn−1;S(R+×R+)), i.e. g˜ ∈ C∞(Rn−1×Rn−1;S(R+×
R+)) such that for all α, β, l, l
′, k, k′
‖xknDk
′
xny
l
nD
l′
ynD
α
ξ′D
β
x′ g˜(x
′, xn, yn, ξ
′)‖L2(R2++) ≤ C(x′)〈ξ′〉m+1−k+k
′−l+l′−|α| (2.19)
for a suitable positive constant C(x′) depending of x′. The function g˜ has
an asymptotic expansion g˜ ∼∑j≥0 g˜m−j where g˜m−j satisfy the following
homogenety property: for λ ≥ 1 and |ξ′| ≥ 1,
g˜d−j
(
x′,
1
λ
xn,
1
λ
yn, ξ
′
)
= λm+2−j g˜d−j(x
′, xn, yn, ξ
′). (2.20)
In this case, the symbol associated with the operator G is defined by
g(x′, ξ′, ξn, ηn) := Fxn→ξnFyn→ηn (e+xne+yn g˜′(x′, xn, yn, ξ′)), (2.21)
here (Fφ)(ξ) := (Fφ)(−ξ) for any φ ∈ L2(R), the homogeneity property
(2.20) corresponds to
gd−j(x
′, λξ′, λξn, ληn) = λ
d−jg(x′, ξ′, ξn, ηn), |ξ| ≥ 1, λ ≥ 1.
• Finally, S is a classical pseudo-differential operator on Rn−1 of order m.
We have described Boutet de Monvel’s algebra acting on functions with values in
R or C, which our setting of interest, however, such description can be done for
a general setting as vector bundles.
Now, let us mention an important result about the set of the boundary oper-
ators described above.
Theorem 2.3 (L. Boutet de Monvel, [3]). Matrix operators as in (2.16) form
an algebra, called the Boutet de Monvel algebra, more precisely, the composition
AB of an operator A ∈ B with all entries of order m and type r with an operator
B ∈ B with all entries of order m′ and type r′ yields an operator in B of order
m+m′ and type max{m′ + r, r′}.
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Let us mention that Boutet de Monvel’s algebra contains the parametrix oper-
ators of elements in such algebra (whether this exists). A parametrix here means
that AB − I = S1 and BA− I = S2 are regularizing operators; their types are 0
and m, respectively.
On the one hand, in [19] it is defined a linear functional on B, which extends
the noncommutative residue to the case of a manifold with boundary,
res (A) =
(2π)−n
n
∫
M
∫
|ξ|=1
p−n(x, ξ) dξdx
+
(2π)−n+1
n
∫
∂M
∫
|ξ′|=1
trn(g−n)(x
′, ξ′) + s1−n(x
′, ξ′) dξ′dx′,(2.22)
where trn(g−n)(x
′, ξ′) :=
∫∞
0
g˜−n(x
′, xn, xn, ξ
′) dxn. On the other hand, R. Nest
and E. schrohe in [30] study the noncommutative trace and the Dixmier trace for
suitable sets of the Boutet de Monvel algebra. The authors obtain a first result
about the Dixmier class.
Proposition 2.4 ([30], Proposition 2.1.). A bounded operator on the zero order
Sobolev space L2(M) with range in the n-order Sobolev space Hn(M) is an element
of L(1,∞)(M); moreover, if its range even is contained in Hn+1(M) then it is trace
class.
If Dm denotes the set of matrix-operator A in B, as (2.16), for which P is
an operator of order m ∈ Z; G is a. s.G.o. of order m and type zero, K is
of order m + 1 and type zero, and S is an operator on the boundary of order
m + 1. In [30] is showed that any operator A in D−n defines a bounded map
A : L2(M) ⊕ L2(∂M) → H−n(M) ⊕H1−n(∂M). Therefore, D−n forms a subset
of the Dixmier class L(1,∞)(H) where H = L2(M ;E) ⊕ L2(∂M ;F ). Moreover,
the authors show in the following result a explicit formula for the Dixmier trace
in terms of the terms appearing in the noncommutative residue (cf. (2.22)), for
operators in D−n.
Theorem 2.5. [[30],Theorem 2.7.] For A ∈ D−n acting on H = L2(M ;E) ⊕
L2(∂M ;F ), we have
Trω(A) =
(2π)−n
n
∫
M
∫
|ξ|=1
p−n(x, ξ) dξdx+
(2π)−n+1
n− 1
∫
∂M
∫
|ξ′|=1
s−n+1(x
′, ξ′) dξ′dx′.
(2.23)
In particular, Trω(A) is independent of the averaging procedure ω.
Remark 2.6. The Theorem 2.5 shows that Conne’s theorem does not hold for the
Boutet de Monvel algebra, see (2.22).
Given P : C∞(M)→ C∞(M) a differential operator of order m > 0. In general
one is interested in solve either the in-homogeneous problem
Pu = f on M ; Tu = g at ∂M, (2.24)
for f and g given, or else the homogeneous problem
Pu = f on M ; Tu = 0 at ∂M. (2.25)
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In order to treat problem (2.24), one consider operator of the form
A =
[
P
T
]
: Hm(M)→ L2(M)⊕Hm−m′−1/2(∂M),
where m′ denotes de order of the trace operator T and it is such that m′ < m.
For treat (2.25) one studies the realization PT which is defined as the unbounded
operator PT on L
2(M), acting like P over
D(PT ) = {u ∈ Hm(M) | Tu = 0}.
The ellipticity implies that there is a parametrix to PT in Boutet de Monvels
calculus. It is of the form B = (Q+ +G K); the pseudo-differential part Q is a
parametrix to P , while G is a singular Green operator of order m and type zero
and K is a potential operator of order m.
Proposition 2.7 ([30], Theorem 3.2.). Let PT be the above elliptic boundary
value problem and B = (Q++G K) its parametrix . Then there is a regularizing
singular Green operator G0 of type zero, i.e. an integral operator with smooth
kernel on M ×M , such that R = (Q+ +G+G0) has the following properties:
i. R maps L2(M) to D(PT ) and
ii. RPT − I and PTR − I are finite rank operators whose range consists of
smooth functions.
It shown in Corollary 3.2. in [30] that the parametrix R in the above theorem
is unique up to a regularizing singular Green operator of type 0.
Proposition 2.8 ([30], Corollary 3.2.). If m = n and A =
[
P+
T
]
is elliptic and
positive, the Dixmier trace for an arbitrary parametrix R to the operator PT , we
have
Trω(R) =
1
(2π)nn
∫
M
∫
|ξ|=1
(σPn (x, ξ))
−1 dξdx,
where σPn (x, ξ) denotes the homogeneous component for σ
P (x, ξ) of degree n. The
expression is the same for all parametrices and independent of the choice of the
boundary condition. Moreover, it coincides with the noncommutative residue
res (R) for R.
By using non-harmonic analysis, M. Ruzhansky and N. Tokmagambetov in [39]
give a different approach in terms of global symbols, which we summarize here.
As above, M denotes a compact manifold of dimension n with boundary ∂M ,
and LM denotes the boundary value problem determined by a pseudo-differential
operator L of order m on function in L2(M), on the interior of M , satisfying a
suitable boundary conditions (BC) on ∂M . It is assumed the following conditions:
• The operator L associated with the (BC) has a discrete spectrum {λξ ∈
C | ξ ∈ I}, where I is a countable subset of Zk for some k ≥ 1, and the
eigenvalues are ordered with the occurring multiplicities in the increasing
order |λj| ≤ |λk| for |j| ≤ |k|. The authors introduce the weight
〈ξ〉 := (1 + |λξ|2)1/2m,
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and they assume that there exists a number s0 ∈ R such that
τ(s0, L) :=
∑
ξ∈I
〈ξ〉−s0 <∞. (2.26)
• If uξ denote the eigenfunction in L2(M) of L associated with the (BC)
corresponding to the eigenvalue λξ for ξ ∈ I, so
Luξ = λξuξ for ξ ∈ I.
The adjoint spectrum problem is
L∗vξ = λξvξ for ξ ∈ I,
which is equipped with the conjugate boundary conditions (BC)∗. We can
take biorthonormal system {uξ} and {vξ} for ξ ∈ I, i.e. ‖uξ‖ = ‖vξ‖ = 1
for ξ ∈ I and
〈uξ, vη〉 = 0 for ξ 6= η and 〈uξ, vη〉 = 1 for ξ = η,
where 〈f, g〉 := ∫
M
fx)g(x) dx is the usual product on the Hilbert space
L2(M). In this context, we assume that the system {uξ | ξ ∈ I} forms
a basis of L2(M), i.e. for any f ∈ L2(M) there exists a unique series∑
ξ∈I aξuξ(x), so {vξ | ξ ∈ I} is a basis of L2(M) too.
• Also we assume the functions uξ and vξ do not have zeros in M for all
ξ ∈ I and there exits C > 0 and N ≥ 0 such that as 〈ξ〉 → ∞,
inf
x∈M
|uξ(x)| ≥ C〈ξ〉−N , inf
x∈M
|uξ(x)| ≥ C〈ξ〉−N .
In this case the systems {uξ | ξ ∈ I} is called a WZ-system (without zeros
system).
As it was mentioned in [16], Remark 2.2., the condition given by WZ-system can
be removed, however, under this situation the analysis underlying leads a matrix-
valued version of the symbolic calculus, similar to Section 2.1, which consists in
vectors of eigenfunctions so that its elements do not all vanish at the same time-
typical examples of such situation is of operators on compact Lie groups, as it
was described before.
Now, we describe some elements involved in Ruzhansky-Tokmagambetov’s calcu-
lus which will be needed in this paper. The space
C∞L (M) :=
∞⋂
k=1
D(Lk) (2.27)
where D(Lk) := {f ∈ L2(M) |Ljf ∈ D(L), j = 0, 1, · · · , k}, so that the bound-
ary condition (BC) are satisfied by all the operators Lj . The Fre´chet topology of
C∞L (M) is given by the family of norms
‖f‖CkL := maxj≤k ‖L
jf‖L2(M), k ∈ N0, f ∈ C∞L (M).
Similarly, it is defined C∞L∗(M) corresponding to the adjoint L
∗ by
C∞L∗(M) :=
∞⋂
k=1
D((L∗)k)
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where D((L∗)k) := {f ∈ L2(M) | (L∗)jf ∈ D(L), j = 0, 1, · · · , k}, which also
has to satisfy the adjoint boundary conditions corresponding to the operator L∗.
The Fre´chet topology of C∞L∗(M) is given by the family of norms
‖f‖Ck
L∗
:= max
j≤k
‖(L∗)jf‖L2(M), k ∈ N0, f ∈ C∞L (M).
Since {uξ} and {vξ} are dense in L2(M) that C∞L (M) and C∞L∗(M) are dense in
L2(M).
L-Fourier transform: Let S(I) be the space of rapidly decreasing functions
φ : I → C, i.e. for any N < ∞, there exists a constant Cφ,N such that
|φ(ξ)| ≤ Cφ,N〈ξ〉−N for all ξ ∈ I. The space S(I) forms a Fre´chet space with
the family of semi-norms pk(φ) := supξ∈I〈ξ〉k|φ(ξ)|. The L-Fourier transform is a
bijective homeomorphism FL : C∞L (M)→ S(I) defined by
(FLf)(ξ) := fˆ(ξ) :=
∫
M
f(x)vξ(x) dx. (2.28)
The inverse operatorF−1L : S(I)→ C∞L (M) is given by (F−1h)(x) :=
∑
ξ∈I h(ξ)uξ(x),
so that the Fourier inversion formula is given by
f(x) =
∑
ξ∈I
fˆ(ξ)uξ(x), f ∈ C∞L (M). (2.29)
Similarly, the L∗-Fourier transform is a bijective homeomorphism FL : C∞L∗(M)→
S(I) defined by
(FL∗f)(ξ) := fˆ∗(ξ) :=
∫
M
f(x)uξ(x) dx.
Its inverse F−1L∗ : S(I) → C∞L∗(M) is given by (F−1L∗ h)(x) :=
∑
ξ∈I h(ξ)vξ(x) so
that the conjugate Fourier inversion formula is given by
f(x) :=
∑
ξ∈I
fˆ∗(ξ)vξ(x), f ∈ C∞L∗(M). (2.30)
The space D′L(M) := L(C∞L∗(M,C)) of linear continuous functionals on C∞L∗(M)
is called the space of L-distribution. By dualizing the inverse L-Fourier transform
F−1L : S(I)→ C∞L (M), the L-Fourier transform extends uniquely to the mapping
FL : D′L(M)→ S ′(I)
by the formula 〈FLw, φ〉 := 〈w,F−1L∗ φ〉 with w ∈ D′L(M), φ ∈ S(I).
Moreover, the authors define Sobolev space adapted to LM . The space l
2
L :=
FL
(
L2(M)
)
is defined as the image of L2(M) under the L-Fourier transform.
Then the space of l2L is a Hilbert space with the linear product
(a, b)l2L :=
∑
ξ∈I
a(ξ)(FL∗ ◦ F−1b(ξ)).
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Then the space l2L consists of the sequences of the Fourier coefficients of function
in L2(M), in which Plancherel identity holds, for a, b ∈ l2L,
(a, b)l2L = (F−1L a,F−1L b)L2 .
For f ∈ D′L(M) ∩ D′L∗(M) and s ∈ R, we say that
f ∈ HsL(M) if and only if 〈ξ〉sfˆ(ξ) ∈ l2L,
provided with the norm
‖f‖HsL :=
(∑
ξ∈I
〈ξ〉2sfˆ(ξ)fˆ∗(ξ)
)1/2
.
Proposition 2.9 ([30], Proposition 6.3.). For every s ∈ R, the Sobolev space
HsL(M) is a Hilbert space with the inner product
(f, g)HsL(M) :=
∑
ξ∈I
〈ξ〉2sfˆ(ξ)gˆ∗(ξ),
and the Sobolev space HsL(M) and Hs(M) are isometrically isomorphic.
L-Quantization and L-symbol: It can be shown that, see Theorem 9.2. in
[39], any continuous linear operator A : C∞L (M) → C∞L (M) can be expressed in
terms the L-Fourier and its inverse transform as
Af(x) =
∑
ξ∈I
uξ(x)σA,L(x, ξ)fˆ(ξ)
for every f ∈ C∞L (M) and x ∈ M , where σA,L(x, ξ) is called the L-symbol of A
and can be computed as (see [39], Theorem 9.2.)
σA,L(x, ξ) = uξ(x)
−1(Auξ)(x) for all x ∈M and ξ ∈ I. (2.31)
In particular, if A : C∞L (M)→ C∞L (M) be a continuous linear operator such that
FL(Af)(ξ) = σ(ξ)FL(f)(ξ), for f ∈ C∞L (M) and ξ ∈ I,
for some σ : I → C; then A is called a L-Fourier multiplier.
The adjoint operator A∗ is defined by the equation
〈Auξ, vξ〉L2 = 〈uξ, A∗vξ〉L2 .
It follows from the Parceval identity, see Proposition 6.1. in [39] that A is an
L-Fourier multiplier by σ(ξ) if and only if A∗ is an L∗-Fourier multiplier by σ(ξ).
Moreover, in [39], the authors provided several results in the same asymptotic
spirit of Ho¨rmander calculus for global symbols, e.g. asymptotic formulas for the
symbol of the adjoint operator A∗ and for the symbol of any parametrix R of A,
in terms of the symbol of the operator A; for the symbol of the product AB in
terms of the symbol of A and B.
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3. The Dixmier trace and the non commutative residue of Fourier
multipliers on manifolds without boundary
In this section we proof our main results concerning to the Dixmier trace and
the noncommutative residue for invariant operators on a closed manifold M (a
compact manifold without boundary).
Remark 3.1. We are interested in bounded E-multipliers on L2(M). We recall
that the following inequality
sup
l∈N0
‖σA,E(l)‖op <∞ (3.1)
is a necessary and sufficient condition for the boundedness of A on L2(M). This
is an immediate consequence of the Plancherel Formula.
Now, we present our main theorem of this section.
Theorem 3.2. Let M be a compact manifold without boundary and let E in
the set Ψν+e(M) of positive elliptic pseudo-differential operators on M. If A :
L2(M) → L2(M) is a bounded E- invariant operator with matrix-valued symbol
σA,E(l), then A is Dixmier traceable if and only if
τ(A) :=
1
dim(M)
lim
N→∞
1
logN
∑
l:(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) <∞. (3.2)
Moreover, if A is positive, τ(A) = Trw(A).
Proof. We want to show that (3.2) is a necessary and sufficient condition for the
Dixmier traceability of a E-invariant operator A with full symbol σA,E(l). As a
consequence of the relation
FE(Af)(l) = σA,E(l)(FEf)(l), l ∈ N0,
we obtain
Specp(A) =
⋃
l∈N0
Specp(σA,E(l)). (3.3)
In fact, if λ ∈ Specp(A) = ker(A − λI), there exists u 6= 0, such that Au = λu.
If we take the E-Fourier transform to both sides, we have σA,E(l)û(l) = λû(l).
There exists l0 6= 0, such that û(l0) 6= 0. Hence we obtain that λ is a eigenvector
of the matrix σ(l0). For the proof of the converse, let us assume that for some
l0 ∈ N0, the complex number λ ∈ Specp(σ(l0)) is an eigenvalue with eigenvector
u(l0). By contradiction let us assume that λ is not a element of Σp(A). It follows
that A is a Fourier multiplier it have not residual or continuous spectrum, there-
fore λ is in the resolvent set of A, in particular A − λI is an injective operator.
So we have that (A− λI)v = 0 implies that v = 0. Let us consider the sequence
of matrices (vl)l∈N0 , defined by vl = 0 (zero matrix of dimension dl) if l 6= l0,
and vl0 = u(l0). If u is the inverse E-Fourier transform of this sequence, we have
û(l) = vl. It is clear that for every l, σA,E(l)û(l) = λû(l). By taking the inverse
E-Fourier transform, we have Au = λu with u 6= 0 which is a contradiction.
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Applying (3.3) to the operator 2
√
A∗A we obtain the following relation for the
singular values of A :
s(A) =
⋃
l∈N0
s(σA,E(l)). (3.4)
Moreover, if λ1,dl, λ2,dl , · · ·λkl,dl are the singular values of σA,E(l) with correspond-
ing multiplicities m1,dl , m2,dl, · · ·mkl,dl, then
m1,dl +m2,dl + · · ·mkl,dl = dl (3.5)
and
m1,dlλ1,dl +m2,dlλ2,dl + · · ·mkl,dlλkl,dl = Tr[|σA,E(l)|], (3.6)
where |σA,E(l)| = 2
√
σA,E(l)∗σA,E(l).With notations above, A is Dixmier traceable
(by definition) if and only if
τ(A) := lim
N→∞
∑
l≤N Tr(|σA,E(l)|)
log(
∑
l≤N dl)
= lim
N→∞
∑
l≤N
∑kl
j=1mj,dlλj,dl
log(
∑
l≤N
∑kl
j=1mj,dl)
<∞. (3.7)
In this case τ(A) = Trw(A). Since
lim
N→∞
∑
l≤N Tr(|σA,E(l)|)
log(
∑
l≤N dl)
= lim
N→∞
∑
(1+λl)
1
ν ≤N
Tr(|σA,E(l)|)
log(
∑
(1+λl)
1
ν ≤N
dl)
,
by using the Weyl Eigenvalue Counting formula for the operator E we have∑
(1+λl)
1
ν ≤L
dl = C0L
κ +O(Lκ−1), (3.8)
where κ = dim(M). So, we obtain
Trw(A) =
1
dim(M)
lim
N→∞
1
logN
∑
(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) (3.9)
which is the desired result. 
An important fact in the formulation of our analysis is the following result
proved by A. Connes in the 80’s, (see [5, pag. 307]).
Theorem 3.3 (A. Connes [5]). Let M be a closed manifold of dimension κ. Then
every classical pseudo-differential operator A of order −κ lies in L(1,∞)(L2(M))
and
Trw(A) = res(A). (3.10)
Now, we apply the preceding theorem and some tools of representation theory
in order to study the Dixmier trace and the noncommutative residue for operator
on compact Lie groups.
Theorem 3.4. Let M = G be a compact Lie group of dimension κ and Ĝ be
the unitary dual of G. If we denote by σA(x, ξ) ≡ σA,−LG(x, ξ) the matrix valued
symbol associated to A, then under the condition
‖∆αξ ∂βxσA(x, ξ)‖op ≤ C〈ξ〉−κ−|α|, x ∈ G, [ξ] ∈ Ĝ, (3.11)
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the operator A is Dixmier measurable. Moreover, if A is left-invariant and posi-
tive, its Dixmier trace is given by
Trw(A) =
1
dim(G)
lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
dξTr(|σA(ξ)|). (3.12)
Proof. We observe that by condition (2.5), the operator A is a pseudo-differential
operator of order −κ. It follows from Theorem 5.2 in [43] that A is bounded on
L2(G). Then, by Connes’ Theorem in the form of Theorem 3.3, A is Dixmier
traceable. Now, if A is a Fourier multiplier on G, from Remark 2.1 and the
equation (2.13), we deduce
Tr(|σA(l)|) = dξlTr(|σA(ξl)|). (3.13)
Hence (3.2) becomes
Trw(A) = lim
N→∞
∑
l≤N Tr(|σA,E(l)|)
log[
∑
l≤N dl]
= lim
N→∞
∑
l≤N dξlTr(|σA(ξl)|)
log[
∑
l≤N d
2
ξl
]
= lim
N→∞
∑
〈ξ〉≤N dξTr(|σA(ξ)|)
log[
∑
〈ξ〉≤N d
2
ξl
]
which proves (3.12). Finally, that (3.12) is a necessary and sufficient condition
for the Dixmier traceability of A it follows from (3.2). By the Weyl Eigenvalue
Counting Formula (see [11, pag. 539]), we have∑
〈ξ〉≤N
d2ξ = C0L
κ +O(Lκ−1), (3.14)
where κ = dim(G). Hence
Trw(A) =
1
dim(G)
lim
N→∞
1
logN
∑
〈ξ〉≤N
dξTr(|σA(ξ)|) (3.15)
which completes the proof. 
With an analogous analysis as in the previous result we obtain the follow-
ing characterization of invariant pseudo-differential operators belonging to the
Marcinkiewicz ideal L(p,∞)(L2(M)).
Theorem 3.5. Let M be a compact manifold without boundary and let A be a
bounded E-invariant operator on L2(M). Then A ∈ L(p,∞)(L2(M)) if only if
γp(A) := sup
N≥1
NdimM(
1
p
−1)
∑
l:(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) <∞, (3.16)
for all 1 < p <∞. In this case γp(A) ≍ ‖A‖L(p,∞)(L2(M)).
Proof. With the notation above we can give a short proof for this fact. Indeed,
for N > 0 and SN :=
∑
l≤N dl, A ∈ L(p,∞)(L2(M)) if and only if∑
l≤N
Tr(|σA,E(l)|) = O(S1−
1
p
N ). (3.17)
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By the Weyl counting eigenvalue function, (3.17) becomes∑
l:(1+λl)
1
ν ≤N
Tr( |σA,E(l)| ) = O((C0Nκ)1−
1
p ) = O(Nκ(1−
1
p
)), (3.18)
where κ = dim(M). This observation completes the proof, indeed,
‖A‖L(p,∞)(H) ≍ sup
N≥1
N
1
p
−1
∑
l:(1+λl)
1
ν ≤N
Tr(|σA,E(l)|) =: γp(A) <∞.

Corollary 3.6. If M = G is a compact Lie group, and A is a Fourier multiplier,
(4.2) gives that
sup
N≥1
N (
1
p
−1) dimG
∑
[ξ]:〈ξ〉≤N
dξTr(|σA(ξ)|) <∞, (3.19)
is a sufficient and necessary condition in order that A ∈ L(p,∞)(L2(G)) for all
1 < p <∞.
Remark 3.7. The classification of E-invariant operators A on Schatten-von Neu-
mann classes Sp(L
2(M)) = L(p,p)(L2(M)) and on the class of r-nuclear operators
Nr(L
2(M)) have been considered in [11, 12, 13, 14, 15]. A remarkable result in
[13] shows that the inequality∑
[ξ]∈Gˆ
‖a(ξ)‖rSrdξ <∞,
where ‖σA(ξ)‖Sr := Tr(|σA(ξ)|r)
1
r , is a necessary and sufficient condition for the
r-nuclearity of A. The r-nuclearity and boundedness of global pseudo-differential
operators on compact Lie groups in the general setting of Besov spaces has been
studied by one of the authors in [8, 9].
Our result on the noncommutative residue can be enunciated in the following
way:
Theorem 3.8. Let G be a compact Lie group of dimension κ and A : C∞(G)→
D′(G) be a positive left invariant continuous linear operator. Then if A ∈ Ψ−κ(G)
is a positive classical pseudo-differential operator, then the noncommutative residue
of A, is given in terms of representations on G by
res(A) =
1
dim(G)
lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
dξTr(|σA(ξ)|) (3.20)
Proof. From the Connes trace theorem in the form of Theorem 3.3 we observe
that the Dixmier trace of A coincides with its noncommutative residue and (3.20)
now follows from the equation (3.12). 
Now, we use our results on multipliers in order to provide formulae for a class of
non-invariant operators (operators with symbols depending on the spatial variable
x ∈ G).
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Proposition 3.9. Let G be a compact Lie group and κ = dimG. Let us assume
that A ∈ Ψmcl (G) is a positive classic pseudo-differential operator with local symbol,
admitting homogeneous components, of the form:
σA(x, ξ) ∼
∞∑
j=0
am−j(x)σ
Am−j (ξ). (3.21)
Then the non-commutative residue of A is given by
res(A) =
1
dim(G)
∫
G
a−κ(x)dx× lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
dξTr(|σA−κ(ξ)|). (3.22)
Proof. By definition of the non-commutative residue, considering the measure of
Haar of a compact Lie group is normalized, and the Connes theorem we have
res(A) :=
1
κ(2π)κ
∫
G
∫
|ξ|=1
a−κ(x)σ
A−κ(ξ)dξ dx
=
∫
G
a−κ(x)volκ(x)× res(A−κ) =
∫
G
a−κ(x)dx× Trω(A−κ)
=
∫
G
a−κ(x)dx× 1
dim(G)
lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
dξTr(|σA−κ(ξ)|).

We end this section with the following remark about the noncommutative
residue for invariant operators. In order to distinguish the local and global sym-
bol, let us use an upper notation to denote the local symbol of A by σA(ξ), i.e,
the symbol of A defined as a section of the cotangent bundle T ∗G on G (see,
[27]), with asymptotic expansion σA(ξ) ∼ ∑σAm−j(ξ) in positive-homogeneous
components σAm−j of degree m− j then by combining of the equations (3.20) and
(1.10) we deduce the following relation between the global and the local symbol
of A.
Corollary 3.10. Let A be a classical operator satisfying the conditions of the
previous result. So,
res (A) :=
1
κ(2π)κ
∫
|ξ|=1
σA−κ(ξ) dξ = lim
N→∞
1
κ logN
∑
ξ:〈ξ〉≤N
dξTr(|σA(ξ)|), (3.23)
where σA−κ denotes the component of degree −κ in the asymptotic expansion of
σA.
4. The Dixmier trace of Fourier multipliers on compact
homogeneous manifolds
In Theorem 3.2, on a closed manifold, we give a characterization of Dixmier
traceable E-invariant operators through its global symbols. In this section we
consider the special case of multipliers on compact homogeneous manifolds and
we describe such characterization in terms of the representation theory of such
manifolds. We generalize the corresponding assertion on multipliers given in
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Theorem 3.4, but in contrast with such result we do not consider the case of
Ho¨rmander classes as in such theorem. It is important to remark that in this
section we do not consider a relation with the noncommutative residue.
Now we present our main result of this section.
Theorem 4.1. Let us assume that A is a Fourier multiplier as (2.15) on M :=
G/K. Then A is Dixmier traceable on L2(M) if and only if
τ(A) :=
1
dim(M)
lim
N→∞
1
logN
∑
[π]∈Ĝ0:〈π〉≤N
dπTr(|σA(π)|) <∞. (4.1)
In this case, if A is positive, τ(A) = Trw(A).
Proof. If A is a Fourier multiplier onM, from Remark 2.1 and the equation (2.13),
we obtain
Tr(|σA,LG/K(l)|) = dπlTr(|σA(πl)|), (4.2)
where {[πl] : l ∈ N0} is a enumeration of Ĝ0. If we use (3.2) we obtain
Trw(A) = lim
N→∞
∑
l≤N Tr(|σA,E(l)|)
log[
∑
l≤N dl]
= lim
N→∞
∑
l≤N dπlTr(|σA(πl)|)
log[
∑
l≤N dπlkπl]
= lim
N→∞
∑
〈πl〉≤N
dπTr(|σA(π)|)
log[
∑
〈π〉≤N dπlkπl]
which proves (3.12). Finally, that (3.12) is a necessary and sufficient condition
for the Dixmier traceability of A it follows from (3.2). By the Weyl Eigenvalue
Counting Formula (see [1, pag. 7] or [46]), we have∑
[πl]∈Ĝ0:〈πl〉≤N
dπlkπl = O(C0L
κ), (4.3)
where
κ = dim(M), and C0 =
1
(2π)κ
∫
σ1(x,w)<1
dx dw,
and the integral is taken with respect to the measure on the cotangent bundle
T ∗M induced by the canonical symplectic structure (c.f. [46]). Thus, we have,
Trw(A) =
1
dim(M)
lim
N→∞
1
logN
∑
[π]∈Ĝ0:〈π〉≤N
dπTr(|σA(π)|) (4.4)
which completes the proof. 
5. The Dixmier trace and the noncommutative residue of
pseudo-differential operators on manifolds with boundary
In this section we prove a result about the Dixmier trace of pseudo-differential
boundary value problems where we link the two different approaches: represen-
tation by local and global symbols.
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Let us note that in the simplest case of a L-Fourier multiplier A, the opera-
tor A∗ is a L∗-Fourier multiplier, but not necessarily a L-Fourier multiplier, and
in general, the operators A and A∗ satisfy different conditions on the boundary.
Thus, unless the model operator LM (i.e. L equipped with conditions on the
boundary ∂M) will be considered self-adjoint, we can not compose A and A∗ on
their domains. Since we are interesting in the singular values of an operator A,
we will assume that L is self-adjoint. In our proof, we assume the spectrum of L
enumerated by the set I = {ξl : l ∈ N0}.
Remark 5.1. A Fourier multiplier on C∞L (M) is an operator with symbol σA,L :
I → C. Trough of this section we consider bounded Fourier multipliers on L2(M).
It is easy to see (by the Plancherel formula which holds in a suitable spaces l2L(I),
see also [39], Theorem 14.1.), that
sup
l∈N0
|σA,L(ξl)| <∞ (5.1)
is a necessary and sufficient condition for the boundedness of A on L2(M).
Theorem 5.2. Let M be a compact manifold with boundary ∂M. If A : L2(M)→
L2(M) is a bounded Fourier multiplier, and L is self-adjoint operator on L2(M),
then A is Dixmier traceable if and only if
τ(A) = lim
N→∞
1
logN
∑
l≤N
|σA,L(ξl)| <∞. (5.2)
In this case, if A is positive, τ(A) = Trω(A) and independent on the average
function ω. If in addition L satisfies the Weyl Eigenvalue Counting Formula, we
obtain
Trw(A) =
1
dim(M)
lim
N→∞
1
logN
∑
l : |λξl |
1
m≤N
|σA,L(ξl)|, (5.3)
where m is the order of L.
Proof. We want to show that (3.12) is a necessary and sufficient condition for the
Dixmier traceability of a Fourier multiplier A with full symbol σA,L(ξ). It follows
from (2.31) that if σA,L(x, ξ) = σA,L(ξ) does not depend on x, then
Auξ = σA,L(ξ)uξ, (5.4)
so that σA,L(ξ) are the eigenvalues of the operator A corresponding to the eigen-
functions uξ. Moreover, the pointwise spectrum of A is (setting I = {ξl : l ∈ N0})
Specp(A) = {σA,L(ξ) : ξ ∈ I} = {σA,L(ξl) : l ∈ N}. (5.5)
In fact, if λ ∈ Specp(A) = ker(A− λI), with eigenfunction u 6= 0 associated with
λ. If we take the L-Fourier transform FL to both sides of Au = λu, we have
σA,L(ξ)û(ξ) = λû(ξ). Since FL is an isomorphism; there exists l0 ∈ N, such that
û(ξl0) 6= 0. Therefore, λ = σA,L(ξl0).
For the converse, let us consider the complex number λ = σA,L(ξl0) for some
l0 ∈ N. By contradiction let us assume that λ is not a element of Specp(A).
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Since A does not have residual or continuous spectrum, therefore λ is in the re-
solvent set of A, in particular A − λI is an injective operator. So we have that
(A − λI)v = 0 implies that v = 0. Let us consider the function in v ∈ S(I)
defined by v(ξl) = 0 if l 6= l0, and v(ξl0) = 1. Because the L-Fourier transform is
an isomorphism from C∞L (M) into S(I), we can consider the inverse L-Fourier
transform of v, u ∈ C∞L (M). We have û(ξl) = v(ξl). It is clear that for every
l, σA,L(ξl)û(ξl) = λ · û(ξl). By taking the inverse L-Fourier transform, we have
Au = λu with u 6= 0 which is a contradiction.
It follows that L is a self-adjoint operator and Theorem 10.10. in [39], that A∗A is
well defined on L2(M) and a L-Fourier multiplier with symbol σA,L(ξ)σA,L(ξ) =
|σA,L(ξ)|2. Applying (5.5) to the operator 2
√
A∗A we obtain the following relation
for the set s(A) of singular values of A :
s(A) = {|σA,L(ξ)| : ξ ∈ I|}. (5.6)
With notations above, we set I = {ξl : l ∈ N0} in such way s(A) forms an
increasing sequences, A is Dixmier traceable (by definition) if only if
τ(A) := lim
N→∞
∑
l≤N |σA,L(ξl)|
logN
<∞. (5.7)
Since
τ(A) = lim
N→∞
∑
l≤N |σA,L(ξl)|
logN
= lim
N→∞
∑
l:|λξl |≤N
|σA,L(ξl)|
log
(∑
l:|λξl |≤N
1
) ,
if we assume that L satisfies the Weyl Eigenvalue Counting Formula:∑
ξ:|λξ|≤N
1 = #{ξl : |λξl|
1
m ≤ N} = C0Nκ +O(Nκ−1) (5.8)
where κ = dim(M), we obtain
Trw(A) =
1
dim(M)
lim
N→∞
1
logN
∑
l : |λξl |≤N
|σA,L(ξl)|, (5.9)
it follows that s(A) is organized as an increasing sequence such that the result is
independent of the average function ω chosen, which prove the result. 
We observe that an adaption of the proof of Theorem 3.5 gives the following
result:
Corollary 5.3. Let A be a L-Fourier multiplier bounded on L2(M). Then A ∈
L(p,∞)(L2(M)) if and only if
γ′p(A) := sup
N≥1
N (
1
p
−1) ·
∑
l≤N
|σA,L(ξl)| <∞, (5.10)
for all 1 < p <∞. In this case, ‖A‖L(p,∞)(L2(M)) ≍ γ′p(A). Moreover, if L satisfies
(1.21), we have
γ′p(A) ≍ sup
N≥1
NdimM(
1
p
−1) ·
∑
l : |λξl |
1
m≤N
|σA,L(ξl)|. (5.11)
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In order to make a clear exposition of the our next result we need to establish
a more clear relationship between Ruzhansky-Tokmagambetov approach and the
local approach of boundary value problems.
Remark 5.4. Any continuous operator A : C∞(M) → C∞(M) in Ruzhansky-
Tokmagambetov’s calculus (C∞L (M) is defined by means of LM , cf. (2.27)) may
be seem as an operator realization as follow: We have
D(LM) := {u ∈ L2(M) | u satisfying the (BC)}. (5.12)
It follows from (2.27) that A = AL indeed is the realization of A with respect to
the space
D(A) := C∞L (M) = {f ∈ L2(M) |Ljf ∈ L2(M), f satisfies (BC), j ∈ N}.
Theorem 5.5. Let A =
[
P+
T
]
be a positive elliptic operator in the Boutet de
Monvel algebra of order n, where P is a Fourier multiplier. We assume the
existence a such operator L satisfying Ruzhansky-Tokmagambetov’s calculus in
Section 2.3. Then the operator realization PT can be regarded as an operator in
R-T’s calculus (cf. Remark 5.4) and parametrix R of PT is Dixmier’s traceable
and
Trω(R) = res (R) = lim
N→∞
1
lnN
∑
l≤N
|(σP,L(ξl))−1|, (5.13)
here (σP,L(ξl))l∈N0 denotes the global symbol of the operator P with respect to LM ,
see Remark 5.4. The expression is the same for all parametrices and independent
of the choice of the boundary condition and independent on the average function
ω.
Proof. We first see that the operator realization PT belongs to Ruzhansky- Tok-
magambetov’s calculus, i.e. PT is the restriction of P to the space C
∞
L (M) for
some operator L as in Section 2.3. We know from Proposition 2.9 that
Hs(M) = HsL(M), (5.14)
(i.e., the Sobolev space can be defined by the a operator L and independent of
the choice of such operator). Since P is an operator satisfying the transmis-
sion property we have that P preserves the space of smooth up to boundary
functions C∞(M). Therefore, the operator PT maps functions from C
∞
L (M) to
C∞L (M), therefore PT restricted to C
∞
L (M) belongs to Ruzhansky- Tokmagam-
betov’s calculus. We know that C∞L (M) and C
∞
L∗(M) are dense subspaces on
L2(M). Moreover, from (5.14) we have that PT can be extended to (see also
Remark 5.4)
D(PT ) := {u ∈ Hm(M) | Tu = 0}.
Now, it follows from Proposition 2.7 that R maps L2(M) to D(PT ) ⊂ L2(M),
thus R lies in the Dixmier class. In this case, R can be considered as Fourier
Multiplier up to trace class operators. It follows from Theorem 5.2 that R is
Dixmier traceable if and only if the conditions given in (5.21) holds, and in this
case, Trω(R) = τ(R). Now, the assertion in (5.13) follows from Proposition
2.8. 
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Now, we provide examples of certain elliptic operators on the Boutet de Mon-
vel algebra satisfying conditions of the Ruzhansky-Tokmagambetov calculus. For
this we follows Ivrii [28].
Let M be a compact manifold with smooth boundary ∂M, M of dimension
n ≥ 2, and let dx be a density on M. Let L be a second-order elliptic pseudo-
differential operator onM, formally self-adjoint with respect to the inner product
in L2(M, dx); let X be a vector field transversal to ∂M at every point, γ the op-
erator of restriction to ∂M,
T = γ or T = γX + T1X (5.15)
a boundary operator where T1 is a first-order classical pseudo-differential oper-
ator on ∂M. If we suppose that the vector-operator (L, T ) : C∞(M)→ C∞(M)⊕
C∞(∂M) satisfies the Sapiro-Lopatinskii condition. Let us denote by LT : L
2(M)→
L2(M) the clausure of LT on L
2(M). Then LT is self-adjoint; its spectrum is dis-
crete, with finite multiplicity and tends to ±∞, or +∞, or −∞.
Moreover, if H is a closed subspace in L2(M) such that the self-adjoint projector
Π on H belongs to Boutet de Monvel’s algebra. It is assumed that ΠLT ⊂ LTΠ
(i.e., H is an invariant subspace of LT ). Then the restriction LT,H : H → H the
LT to H (here, D(LT,H) = D(LT ) ∩ H) is self-adjoint; its spectrum is discrete,
with finite multiplicity and tends to ±∞, or +∞, or −∞.
In the following, we present two general frameworks which guarantees the ex-
ists of the auxiliary operator L in the global calculus in [39], hence the Theorem
5.5 holds:
• If H = Hm(M) is the Sobolev space of positive order m, since the Sobolev
Embedding Theorem follows that Hm(M) is a closed subspace of L2(M).
The operator LT defined by
LT := I +∆T : D(LT )→ L2(M),
here D(LT ) = {Hm(M) | Tu = 0} with T as above, defines a second-
order elliptic operator. Since Sobolev Embedding Theorem we have that
Hm(M) is an invariant subspace of LT . Therefore, LT is a self-adjoint
operator; its spectrum is discrete, with finite multiplicity and tends to
±∞, or +∞, or −∞.
Therefore, by the spectral theorem for unbounded operators there exists
an orthonormal basis for L2(M) formed with eigenvalues of LT .We denote
to the set of eigenvalues by {λξl}, l ∈ N0 and the corresponding eigenvalues
by {uξl}l∈N0. We can assume that LT satisfies the Weyl law (see [28, 29]):
N(λ) =
∑
l:|λξl |
1
m≤λ
1 = O(λn), λ→∞, (5.16)
then, if l is such that |λξl|
1
m ≤ λ,
λ−1|λξl|
1
2 ≤
∑
l:|λξl |
1
2≤λ
λ−1|λξl|
1
2 ≤
∑
l:|λξl |
1
2≤λ
1 = O(λn), λ→∞, (5.17)
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and as consequence we have the estimate for 〈ξl〉 = (1 + |λξl|)
1
2 , l →∞,
1 < 〈ξl〉 ≍ |λξl|
1
2 = O(λn+1), 〈ξl〉 → ∞.
Thus, it is clear that for some −∞ < s0 < 0,∑
l∈N0
〈ξl〉s0 <∞. (5.18)
Because the condition WZ can be removed from the Ruzhansky - Tok-
magambetov calculus (by merely technical reasons), we have that there
exists a such operator L.
• LetM be a manifold of dimension 2. If P : C∞(M)→ C∞(M) is a second
order elliptic differential operator. We denote by PT the restriction of P
to the ker T with domain
D(PT ) = {f ∈ C∞(M) : Tf = 0}. (5.19)
Let us denote by PT the clausure of PT on L
2(M). Hence, PT has discrete
spectrum with finite multiplicity and tends to either to∞, or to −∞ or to
±∞. Setting L = P , by similar arguments as before, the operator realiza-
tion LM = PT satisfies the condition in the Ruzhansky- Tokmagambetov
calculus. In this case the boundary condition (BC) defines the vectorial
space given by
f ∈ L2(M) ∩ (BC) if and only if f ∈ D(PT ). (5.20)
Because C∞L (M) ⊂ D(PT ) is a invariant subspace of L we have that
L maps C∞L (M) itself. Therefore, the second-order elliptic differential
operator L := P (respectively LM := PT |C∞L ) belongs to the Ruzhansky-
Tokmagambetov calculus and satisfies the conditions in Section 2.3.
Corollary 5.6. If A =
[
P+
T
]
is a positive elliptic operator in the Boutet de Monvel
algebra of order n with T as (5.15). In this case, we may take LT where L = I+∆.
Then, any parametrix R of PT is Dixmier’s traceable and the formula given in
(5.13) holds. In the particular case where M is a manifold of dimension 2 and P
is a second-order differential operator as above, we have a formula independent
of an auxiliary operator L,
Trω(R) = res (R) = lim
N→∞
1
lnN
∑
l≤N
|σR(ξl)|, (5.21)
here (σR(ξl))l∈N0 denotes the global symbol of the parametrix with respect to L =
PT .
6. Examples
In this section we provide some examples in relation with our main results.
First, we consider a Dixmier traceable Bessel potential associated to L. Also, we
consider an example of a Dixmier traceable operator on the manifold with bound-
ary M = [0, 1]. Later, we consider the case of Bessel potential on SU(2) ∼= S3 and
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SU(3) respectively. In our examples, we compute the Dixmier trace of certain
operators showing closed formulae, but, we do not numerical approximations of
these expressions in all cases.
Example 6.1. Let M be a compact manifold with boundary ∂M and L as in
the preceding sections. Let us consider the model operator LM self adjoint on
L2(M). If we assume that −L is a positive operator of order ν, and some positive
real number s1 satisfies ∑
l∈N0
〈ξl〉−s =∞,
∑
l∈N0
〈ξl〉−s′ <∞ (6.1)
for all 0 < s ≤ s1 < s′ < ∞ (this condition is natural in view of (2.26)). Then
with the notations above the operator A := (I − L)− s1ν is Dixmier traceable on
L2(M). For the proof, we combine that the global symbol of A is given by
σA,L(ξl) = (1− λξl)−
s1
ν ≍ 〈ξl〉−s1.
As consequence of (6.1) we have that 〈ξl〉−s1 = O(l−1), l →∞, and∑
l≤N
〈ξl〉−s1 = O(logN), N →∞. (6.2)
Hence, by Theorem 5.2 we obtain
Trw((I − L)−
s1
ν ) ≍ lim
N→∞
1
logN
∑
l≤N
〈ξl〉−s1 <∞. (6.3)
Example 6.2. Consider M = [0, 1] and the operator L = −i d
dx
on M◦ = (0, 1)
with the domain
D(L) = {f ∈ W 12 [0, 1] | af(0) + bf(1) +
∫ 1
0
f(x)q(x) dx = 0},
where a 6= 0, b 6= 0, and q ∈ C1[0, 1], hereW 12 [0, 1] := {f ∈ L2[0, 1] | f ′ ∈ L2[0, 1]}.
Under the assumption that
a+ b+
∫ 1
0
q(x) dx = 1
we have the inverse L−1 exists and is bounded from L2[0, 1] toD(L). The operator
L has a discrete spectrum which can be enumerated by
λj = 2πj − i ln(−a/b) + αj, for j ∈ Z
where the sequence αj satisfies that for any ǫ > 0,
∑
j∈Z |αj|1+ǫ < ∞. If mj
denotes the multiplicity of the eigenvalue λj , then mj = 1 for sufficiently large
|j|, and the system of eigenfunctions are given by
ujk =
(ix)k
k!
eiλjx, for 0 ≤ k ≤ mj − 1 and j ∈ Z.
Let j0 ∈ N large enough so that mj = 1 for |j| ≥ j0. The global symbol σL,L(x, j)
of L with respect to L is given by
σL,L(x, j) =
{
x2k
k!2
λj x ∈ [0, 1], 0 ≤ k ≤ mj − 1, |j| ≤ jo
λj |j| ≥ j0;
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for some j0 ∈ N. It follows from the functional calculus that L−1 has a dis-
crete spectrum given by λ−1j with j ∈ Z. Since |λj| = O(j) for j ∈ Z we have∑
|j|≤N |λ−1j | = O
(
ln(2N + 1)
)
. Therefore, is a L−1 is a pseudo-differential oper-
ator which lies in L(1,∞)(L2[0, 1]) with symbol σL−1,L(ξ) = (σL,L(ξ))−1, |ξ| ≥ j0,
and
Trω(L
−1) = lim
N→∞
1
ln (2N + 1)
∑
|j|≤N
|λ−1j |
= lim
N→∞
1
ln (2N + 1)
∑
j0≤|j|≤N
|(σL,L(x, j))−1|
= lim
N→∞
1
ln (2N + 1)
∑
|j|≤N
2πj + i ln(−a/b) + αj
(2π j + Re (αj))2 + (Im (αj) + ln(b/a))2
.
Example 6.3. Let us assume that A is a left-invariant operator on SU(2) ∼= S3.
We recall that the unitary dual of SU(2) (see [40]) can be identified as
ŜU(2) ≡ {[tl] : 2l ∈ N, dl := dim tl = (2l + 1)}. (6.4)
There are explicit formulae for tl as functions of Euler angles in terms of the
so-called Legendre-Jacobi polynomials, see [40]. In this case, if A and is Dixmier
traceable with symbol σ([tl]) ≡ σ(l) then,
Trw(A) = lim
N→∞
1
log
(∑
l≤N
2
,l∈ 1
2
N0
d2l
) ∑
l≤N
2
,l∈ 1
2
N0
d[tl]Tr[|σ(l)|]
= lim
N→∞
1
log
(∑
l≤N
2
,l∈ 1
2
N0
(2l + 1)2
) ∑
l≤N
2
,l∈ 1
2
N0
(2l + 1)Tr[|σ(l)|]
= lim
N→∞
1
log[1
6
(N + 1)(2N2 + 7N + 1)]
∑
l≤N
2
,l∈ 1
2
N0
(2l + 1)Tr[|σ(l)|].
For example, if A = (I − LSU(2))−κ2 , is the Bessel potential of order −κ =
− dimSU(2) = −3, then A is Dixmier traceable, σ(l) = (1 + l(l + 1))− 32 and
Trw((I − LSU(2))− 32 )
= lim
N→∞
1
log[1
6
(N + 1)(2N2 + 7N + 1)]
∑
l≤N
2
,l∈ 1
2
N0
(2l + 1)2[1 + l(l + 1)]−
3
2
= lim
N→∞
1
log[1
6
(N + 1)(2N2 + 7N + 1)]
N∑
n=0
(n+ 1)2
[
1 +
n
2
(
n
2
+ 1)
]− 3
2
= lim
N→∞
1
log[1
6
(N + 1)(2N2 + 7N + 1)]
N+1∑
n=1
n2
8
[n2 + 3]−
3
2
∼ 0.03935... (numerical evidence).
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A similar result can be obtained if we consider the operator (I − Lsub)− 32 where
Lsub := D21+D22 is the sub-Laplacian on SO(3), here D1 andD2 are the derivatives
in the corresponding variables to the Euler angles for SO(3) (see [40, 43]).
Example 6.4. Let A be a left-invariant pseudo-differential operator Dixmier
traceable on SU(3). The Lie group SU(3) (see [18]) has dimension 8 and 3 positive
square roots α, β and ρ with the property
ρ =
1
2
(α + β + ρ). (6.5)
We define the weights
σ =
2
2
α +
1
3
β, τ =
1
3
α +
2
3
β. (6.6)
With the notations above the unitary dual of SU(3) can be identified with
ŜU(3) ≡ {λ := λ(a, b) = aσ+bτ : a, b ∈ N0, dλ = 1
2
(a+1)(b+1)(a+b+2)}. (6.7)
The Dixmier trace of A, once denoted its full symbol by σ(λ) ≡ σ(λ(a, b)), is
given by the expression
Trw(A)
= lim
N→∞
1
log[
∑
0≤a+b≤N dλ(a,b)]
×
∑
0≤a+b≤N
1
2
(a+ 1)(b+ 1)(a+ b+ 2)Tr[|σ(λ(a, b))|]
= lim
N→∞
1
log[ 1
120
(N + 1)(N + 2)(N + 3)(N + 4)(2N + 5)]
×
∑
(a,b):0≤a+b≤N
1
2
(a + 1)(b+ 1)(a+ b+ 2)Tr[|σ(λ(a, b))|].
Since, the eigenvalues of the Laplacian LSU(3) on SU(3) are of the form
− c(λ) = −1
9
(a2 + b2 + ab+ 3a+ 3b), (6.8)
the symbol of the operator A = (I − LSU(3))− 82 (which is Dixmier traceable) is
given by
σ(λ) = (1 + c(λ))−4. (6.9)
Hence,
Trw((I −LSU(3))− 82 )
= lim
N→∞
1
log[ 1
120
(N + 1)(N + 2)(N + 3)(N + 4)(2N + 5)]
×
∑
(a,b):0≤a+b≤N
1
36
(a + 1)2(b+ 1)2(a+ b+ 2)2[1 + (a2 + b2 + ab+ 3a+ 3b)]−4.
Remark 6.5. Similar examples to the considered above can be obtained if we take,
for example, every n-torus Tn ∼= Rn/Zn or the compact Lie group SO(3) ∼= RP3,
spheres Sn and arbitrary real and complex projective spaces.
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We end this paper with the following example on the noncommutative residue
of a classical operator on Lie groups.
Example 6.6. Let us assume that G is a compact Lie group of dimension κ, and
let us define A := a(x)(−LG)−κ2 . We consider a positive and smooth in order
that A will be a positive operator. The global symbol of A is given by
σA(x, ξ) := a(x)λ
−κ
2
[ξ] Idξ , (6.10)
and by using (1.17) we have that
res(A) =
1
dim(G)
∫
G
a(x)dx× lim
N→∞
1
logN
∑
ξ:〈ξ〉≤N
d2ξλ
−κ
2
[ξ] . (6.11)
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